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I. Introduction

T HIS Note focuses on continuous traditional and high-order slid-
ing mode control for controlling the motion of one satellite as

it follows a defined path around another satellite that is orbiting
the Earth robustly to model uncertainties and external disturbances.
The problem with any satellite formation control is that all orbit-
ing bodies are subject to forces that tend to force the satellites out
of their stable Keplerian orbits.1 These forces include gravitational
perturbations, atmospheric drag, and solar radiation pressure.2 Re-
cently Yeh et al.3 defined an effective robust method of controlling
satellites using sliding mode control (SMC)4 while minimizing fuel
consumption.

Because the satellites are usually controlled by the thrusters, a re-
lay SMC with a dead band is used.3 The width of the dead band, δ, is
selected3 to minimize the fuel consumption. At the same time, simu-
lations show that the jet-thruster duty cycle depends on a board com-
puter step size. This means that using a dead-band controller does
not allow control of the frequency of switching. This could create a
problem in using SMC in satellite formation control actuated by jet
thrusters that can be switched on and off with a required duty cycle.

To address the problem, one may use high-gain continuous ap-
proximation of the relay function with consecutive pulse-width
modulation (PWM) of continuous control to stabilize the duty cy-
cle of the thruster. However, this introduces two sets of accuracy
losses to the system, one from the continuous approximation and
one from the PWM technique. This Note proposes a way to elim-
inate one of these losses by using recently developed continuous
SMC techniques, including high-order sliding mode (HOSM) con-
trol algorithms,5 SMC driven by a sliding mode observer,4 and
asymptotic HOSM using an integral sliding variable6 that outputs
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continuous control signals without high gain continuous approxi-
mations of discontinuous SMC followed by a PWM to control the
duty cycle. The main contribution of this Note is further improving
SMC for satellite formation control1−3 via application of recently
developed continuous SMC algorithms modulated by PWM, allow-
ing high tracking accuracy in the presence of bounded matched
disturbances and uncertainties and providing a required duty cycle
in a control command to the jet thrusters.7 The studied continuous
SMCs provide low weekly fuel consumption.

II. Continuous Sliding Mode Control
In this section the continuous SMC techniques that combined

with PWM are applied to controlling a multiple satellite formation
are considered.

Consider a nonlinear multi-input/multi-output system

ẋ = f (x, t) + G(x, t)u, y = h(x, t) (1)

where x ∈ �n , y ∈ �m , u ∈ �m and f (x, t) ∈ �n , h(x, t) =
[h1, h2, . . . , hm]T ∈ �m , G(x, t) = [g1, g2, . . . , gm] ∈ �n × m , gi ∈
�n ∀ i = 1, m are analytic vector and matrix functions. Assuming
the system (1) is completely feedback linearizable8 in a reasonable
domain x ∈ �, the system is transformed to a regular format:
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where |E(x, t)| �= 0 ∀ x ∈ �, Lri
f hi and Lgi (Lri − 1

f hi ) ∀ i = 1, m are
corresponding Lie derivatives (see Ref. 8), and r̄ = [r1,, r2, . . . , rm]T

is a vector relative degree. Introducing a desired decoupled output
tracking compensated dynamics as

σi = e(ri − 1)

i + ci,ri − 2e(ri − 2)

i + · · · + ci,1e(1)

i + ci,0ei + ci,−1ei,−1 = 0

∀i = 1, m (4)

where ei = yi,c(t) − yi (t), yi,c(t) is the i th output command profile,

e( j)
i = d j ei

dt j
, ei,−1 =

∫
ei dt

and the coefficients ci, j ∀ i = 1, m ∀ j = −1, ri − 2 are chosen
to achieve the desired eigenvalue placement in the decou-
pled differential–integral equations (4). In terms of SMC,
σ= [σ1, σ2, . . . , σm]T ∈ �m is called a vector sliding variable, and
in Eq. (4), σ= 0, is called a sliding surface.

The problem is to design SMC u to provide decoupled asymptotic
output tracking: ei (t) → 0 as time increases by providing stability
to the sliding variable dynamics, which is derived as

σ̇ = �(.) − E(x, t)u (5)
826
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where ψi (.) = y(ri )

i,c + ci,ri − 2e(ri − 1)

i + · · · + ci,1e(2)

i + ci,0e(1)

i +
ci,−1ei − Lri

f hi (x, t) ∀ i = 1, m and �(.) = [ψ1(.), . . . , ψm(.)]T ∈
�m .

To separate the control design into m single-input/single-output
control designs, a new control variable is introduced as

ũ = E(x)u (6)

This allows Eq. (5) to be rewritten in a scalar format as

σ̇i = ψ0
i (.) + �ψi (.) − ũi (7)

where v = [v1, . . . , vm]T , Ψ(.) =Ψ0(.) +∆Ψ(.) with Ψ0(.) =
[ψ0

1 (.), . . . , ψ0
m(.)]T ∈ �m , and ∆Ψ(.) = [�ψ1(.), . . . , �ψm(.)]T ∈

�m are a known and unknown (due to external disturbances and
model uncertainties) vectors, respectively. The unknown vector is
assumed bounded: ‖�ψi (.)‖ ≤ Li ∀ i = 1, m ∀ x ∈ �.

A. Continuous SMC Driven by Sliding Mode Disturbance Observer
To design the sliding mode disturbance observer (SMDO) for

estimating the bounded disturbance �ψi (.), the auxiliary sliding
variables are introduced:

si = σi + zi , żi = −ψ0
i + ũi − vi (8)

The si dynamics are derived taking into account Eqs. (7) and (8),

ṡi = �ψi − vi (9)

It is easy to show4,7 that the auxiliary sliding variables si are stabi-
lized at zero by means of auxiliary SMC vi :

vi = (Li + ρi ) sign(si ), ρi > 0 (10)

in a finite time tri ≤ |si (0)|/ρi . Therefore, equivalent control vi eq

exactly estimates the disturbance �ψi (.) ∀ t ≥ tri , that is, vi eq =
�ψi (.) in SMDO (8–10). To compute vi eq, high-frequency switch-
ing control (10) is processed by a low-pass filter9 (LPF):

v̂i eq = LPF(vi ) (11)

where v̂i eq can estimate vi eq and, consequently, the disturbance
�ψi (.) only asymptotically or, in a case of nonpiecewise constant
disturbances, with a small error that is proportional to the time con-
stant of LPF. For instance, if LPF is implemented as a simplest
first-order lag block,

v̂i eq(s) = [1/(β s + 1)]vi (s) (12)

where s is a Laplace variable, then lim ‖vi eq − v̂i eq‖ ∼ β and, con-
sequently, lim ‖�ψi − v̂i eq‖ ∼ β as t → ∞. Note that the time con-
stant of the filter can be taken to be very small, having a duty cycle
of control (10) as a lower boundary.4

Consequently, an SMDO that estimates the disturbance �ψi is
estimated by Eqs. (7–12) as �ψ̂i = v̂eq1. To achieve better atten-
uation in filtering Eqs. (11) and (12), the amplitude of vi can be
reduced in the sliding mode si = 0 using gain adaptation4,7:

vi =
{

(Li + ρi ) sign(si ), if |si | > µi

(|v̂i eq| + ρi ) sign(si ), if |si | ≤ µi (13)

where µi ∼ to a computer step size T . The SMDO (7–13) is called
an adaptive gain SMDO.

The SMC-based control ũi driven by SMDO (7–13) that asymp-
totically stabilizes the sliding variable σi at zero in presence of
unknown bounded disturbance �ψi (.) is designed as follows:

ũi = ψ0
i (.) + K0iσi + v̂i eq (14)

Indeed, substituting Eq. (14) into Eq. (7), we obtain

σ̇i = −K0iσi − v̂i eq + �ψi (.) (15)

As time increases, Eq. (15) tends to

σ̇i = −K0iσi , K0i > 0 (16)

Finally, SMC u in Eq. (1) driven by SMDO (7–13) asymptotically
stabilizes the vector sliding variable σ in Eq. (5) at zero is of the
form u = E−1(x)ũ.

B. Super-Twisting High (Second)-Order SMC
The intrinsic difficulties of the traditional SMC,4 including chat-

tering and applicability to systems with relative degree 1, are miti-
gated by the HOSM that stabilizes at zero not only the sliding vari-
able, but also its k − 1 successive derivatives (kth-order HOSM).5

The approach is effective for arbitrary relative degrees, and the well-
known chattering effect is significantly reduced because the high-
frequency switching is hidden in the higher derivative of the slid-
ing variable. When implemented in discrete time, HOSM provides
for sliding accuracy proportional to kth power of the time incre-
ment, which makes HOSM an enhanced-accuracy robust control
technique. The second-order SMC (SOSM),5 in particular a super-
twisting algorithm, is used to robustly stabilize σi in Eq. (7) at zero
in a finite time in the presence of a bounded disturbance �ψi (.).

The super-twisting SOSM control5 is based on the analysis of the
perturbed nonlinear differential equation

q̇ + α|q| 1
2 sign(q) + β

∫
sign(q) dτ = ξ(t), |ξ̇ (t)| ≤ C (17)

It is well known5 that a solution q(t) of Eq. (17) and its derivative
q̇(t) converge to zero in a finite time if α ≥ 0.5

√
C and β ≥ 4C .

When the super-twist control

ũi = ψ0
i (.) + αi |σi | 1

2 sign(σi ) + βi

∫
sign(σi ) dt (18)

is substituted into Eq. (7), the σi compensated dynamics are
achieved:

σ̇i + αi |σi | 1
2 sign(σi ) + βi

∫
sign(σi ) dτ = �ψi (.) (19)

Comparing Eqs. (17) and (19), one can conclude that selecting
parameters of the super-twist controller (18) satisfies the inequalities
αi ≥ 0.5

√
Li and βi ≥ 4Li , the sliding variable, and its derivative

σi , σ̇i → 0 in a finite time via control (18). Note that the control
function ũi in Eq. (18) is continuous because the discontinuous
high-frequency portions, sign(σi ) ∀ i = 1, 3, are integrated. Finally,
vector super-twisting SOSM control u in Eq. (1) given in the form
u = E−1(x)ũ, with ũi defined by Eq. (18), stabilizes the vector-
sliding variable σ in Eq. (5) at zero in a finite time. The output
tracking errors ei are stabilized at zero asymptotically due to Eq. (4)
in the sliding mode σ= 0 in the presence of bounded disturbances.

C. Continuous SMC by Using Integral Sliding Surfaces
A method of creating a Lyapunov-based, continuous SMC that

is robust to matched disturbances is developed using an integral
sliding surface (ISS).6 SMC/ISS-based continuous control ũi that
robustly asymptotically stabilizes σi in Eq. (7) at zero uses two
sliding variables: σi and auxiliary integral sliding variable ηi :

ηi = σi + k̃0i si , ṡi = sign(σi ) (20)

and is designed in the form

ũi = ψ0
i (.) + (

ρ̃i

/
2ai

)|ηi |2ai − 1 sign(ηi ), 0.5 < ai < 1.0 (21)

The following theorem was formulated and proven.
Theorem: Let ρ̃i > 0, k̃0i > 0, ai → 1, |�ψ̈i (.)| ≤ L̃ i , and

σ̇ 2
i /|σi | ≤ M < ∞ in a bounded domain Di : {σi , σ̇i } containing the

origin: then the continuous control (21), provides for the local
asymptotic convergence of the sliding variable σi into a second-
order sliding mode: σ̇i =σi = 0. Proof is given in the Appendix.
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Finally, continuous SMC/ISS control u in Eq. (1) given in the
form u = E−1(x)ũ with ũi defined by Eq. (21) locally asymptot-
ically stabilizes the vector sliding variable σ in Eq. (5) at zero.
The output tracking errors ei are stabilized at zero asymptotically
due to Eq. (4) in the sliding mode σ = 0 in presence of bounded
disturbances.

D. Discussion
The common feature of the SMC given in Secs. II.A, II.B, and

II.C is that all of them are not continuous approximations of an
ideal discontinuous SMC and they stabilize the sliding variables
σi ∀ i = 1, 3 at zero in presence of external bounded disturbances.
To control the satellite formation by using jet thrusters, the outputs
of the proposed continuous SMC are transformed to a pulse train
with a given duty cycle using PWM.

III. Leader/Follower Satellite Formation
Mathematical Model

The formation control problem being studied in this Note is a
two-satellite formation. The coordinate system used is shown in
Fig. 1. The first satellite, the leader, is in a circular orbit around
a spherical Earth, and, for simplicity, is assumed to maintain that
orbit in free flight. Assuming the second satellite is in a slightly
elliptical orbit but remains close to the first when compared to the
overall radii of their orbits around the Earth, we use the linearized
Hill equations to describe the relative motion between a leader and
follower satellite. Because thrust levels are very low in many satellite
applications, initial misalignments, as well as transients resulting
from disturbances, may take many hours and even days to settle
out. Thus, when the natural time t is scaled, a new time τ is defined
such that ωt = τ , where ω is the mean motion of the leader around
the Earth (a value of a constant angular velocity that is required for a
satellite to complete one revolution). The normalized Hill equations
in the new time τ are

ẍ − 2ẏ − 3x = ux + dx , ÿ + 2ẋ = uy + dy

z̈ + z = uz + dz (22)

In Eq. (22), ux , uy , and uz are the net (difference between leader
and follower) specific control forces acting on the follower satellite
and dx , dy, and dz encompasses the net specific disturbances experi-
enced by the two-satellite system, including linearization residuals.
The specific control forces and disturbances are the forces per unit
mass per mean motion squared, ω2. All terms in Eq. (22) have a
length dimension. The coordinates x, y, and z describe the position
of the follower satellite relative to the leader satellite. Parameteriz-
ing Eq. (22) as a function of τ with all external forces (control and
disturbances) equal to zero provides the reference trajectories for
the simulation1,2:

Fig. 1 Satellite formation coordinate system.

xc(τ ) = r sin(τ + θ), yc(τ ) = 2r cos(τ + θ)

zc(τ ) = mr sin(τ + θ) + 2nr cos(τ + θ) (23)

where r , m, n, and θ are arbitrary constants that define the elliptical
desired path that the follower satellite maintains relative to the leader
in a force free environment. In particular, r gives the size of the
ellipse, θ is the initial angular position of the follower satellite on
the path, and m and n are the slopes of the plane in which the path
is located.

For any given θ , the follower satellite must enter the path (23)
at initial conditions that are derived by setting τ = 0 in Eq. (23), as
well as in the derivative of Eq. (23), yielding

xc(0) = r sin(θ), yc(0) = 2r cos(θ)

zc(0) = mr sin(θ) + 2nr cos(θ)

ẋc(0) = r cos(θ), ẏc(0) = −2r sin(θ)

żc(0) = mr cos(θ) − 2nr sin(θ) (24)

The value of θ simply defines the angle at which the follower
satellite is making with a reference coordinate of the leader. Phys-
ically, Eqs. (23) provide a circular or elliptical (depending on the
choice of constants) reference trajectory around a leader satellite
starting with the initial conditions defined in Eqs. (24).

IV. Satellite Formation Control
in Continuous Sliding Modes

If there is a mismatch between the follower satellite and the ref-
erence trajectory, then the starting point for the satellite will not be
on one of the desired trajectories and a control system will be re-
quired to get the follower satellite back on track. The disturbances
dx , dy , and dz , which are due to the oblateness of the Earth, atmo-
spheric drag, tesseral resonance, solar radiation pressure (so-called
J2 effects) and bulges of the Earth (so-called J3 effects) will grad-
ually disperse an uncontrolled formation. The J2 effect is by far
the dominant perturbation force, followed by J3. For this study, the
representative dx , dy , and dz disturbances are sine waves with up to
50% amplitude of a control thrust and a frequency of 0.6 rad/s (τ )
and are kept the same for all of the controllers studied. Because
SMC is insensitive to the matched disturbances, they will affect the
fuel consumption only, retaining the same transient response in the
sliding mode. Also we assume that the leader satellite is maintained
on the orbit by its own control.

The problem is to improve the performance of discontinuous SMC
with the dead band,3 which cannot maintain a given duty cycle
for jet thrusters, by designing the net control forces ux , uy , and
uz that robustly drive the follower satellite to the reference trajec-
tory (23). This is accomplished by using continuous SMC/HOSM
techniques studied in Sec. II, which are implemented using PWM to
preserve a required frequency of thrusters’ switching (duty cycle).
The continuous SMC/HOSM controllers completely compensate
for the bounded disturbances dx , dy , and dz .

Considering relative positions x , y, and z in Eq. (22) to be mea-
sured, the vector-relative degree for the system (22) is identified as
r̄ = (2, 2, 2)T and the sliding variables (4) are formed:

σ = [σx , σy, σz]
T , σi = ėi + ci,0e + ci,−1

∫
ei dτ

∀i = x, y, z

ex = xc − x, ey = yc − y, ez = zc − z (25)

The integral terms in Eq. (25) are added4 to compensate for con-
stant perturbations that could occur in sliding modes on the im-
plementation step. The following optimized for fuel consumption
compensated dynamics of the output tracking errors in the sliding
mode in a normalized time τ are derived3:

σi (τ ) = ėi + 1.8ei + 1.0

∫
ei dτ = 0 → ëi + 1.8ėi + 1.0ei = 0

∀i = x, y, z (26)
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A. Satellite Formation Control via Continuous
SMC Driven by SMDO

The SMC-based controller driven by SMDO (8–14) is designed
[where ui = ũi because E(x) = I in Eq. (22)] for controlling the
satellite formation model (22) and (23):

ui = 10σi + v̂i eq, ∀i = x, y, z

˙̂vi eq = 20[−v̂i eq + 2 sign(si )], si = σi +
∫

[ui − 2 sign(si )] dτ

(27)

B. Satellite Formation Control via Super-Twisting SOSM
The super-twisting SOSM controller (18) that provides a finite

time convergence of the sliding variables and their derivatives to
zero is designed for controlling the satellite formation model (22)
and (23):

ui = 3|σi | 1
2 sign(σi ) +

∫
sign(σi ) dτ , ∀i = x, y, z (28)

C. Satellite Formation Control via Continuous SMC Using ISSs
The continuous SMC with ISSs (20) and (21) is designed for

controlling the satellite formation model (22) and (23):

ui = ρ̃i

2ai

∣∣∣∣σi + k̃0i

∫
sign(σi ) dτ

∣∣∣∣
2ai − 1

sign

[
σi + k̃0i

∫
sign(σi ) dτ

]

ai = 0.9, k̃0i = 0.5, ρ̃i = 10, ∀i = x, y, z (29)

Note that the control actions ui in Eqs. (27–29) are continuous be-
cause the discontinuous high-frequency portions of the proposed
control algorithm are filtered or integrated.

V. Simulations
A Simulink model of the follower satellite motion around the

leader was developed to test the three continuous SMC methods’
effectiveness against the same set of disturbances using Eqs. (22)
and (23). For this study, the representative disturbance is a sine wave
with amplitude of 0.5 km and a frequency of 0.6 rad/s (τ ).

All three continuous SMC are compared with the traditional (dis-
continuous with dead band) SMC.3 The same orbital period is used,
that is, 100.7 min. Recall that τ is defined as the product of the
mean motion and time. Therefore, for a 100.7-min orbit, the actual
time required to reach τ = 1 is 961.6 s. For the simulations, an Euler
first-order integration algorithm is used, and the time step is held at
a fixed 0.01 ms.

In Eq. (23), the values of parameters are taken as r = 0.5 km for
the reference trajectory, whereas r = 0.6 km for the follower satel-
lite to create the initial conditions offset. Also n = 0.0 and m = √

3
are defined to put the follower satellite in a circular orbit around
the leader at ±2π/3-rad inclination with the x axis. The angular
position θ = −π/2 is the same for both the reference trajectory and
the simulated satellite’s trajectory.

A PWM technique is used to turn the continuous SMC signals into
a pulse train that could be realizable by a satellite jet thruster. It is
assumed that the thruster can cycle at a frequency of 10 Hz. Because
of the 961.6-s/τ conversion factor, 10-Hz signal in the time domain
would need to be approximately 10,000 cycles/τ signal in the τ
domain. Therefore, a dither signal, a sine wave of 10,000 cycles/τ
with amplitude of 0.25 × 10−5 km/s2, is combined with the control
signal to model the duty cycle of the thrusters. To further optimize
weekly fuel consumption, the dead zone is used in the relay elements
of PWM. The recommended dead-band optimal value is taken3 as
δi = 0.5 × 10−5 km/s2 and the corresponding PWM with a dead band
is shown in Fig. 2.

First, traditional (discontinuous with a dead band) SMC3 was
simulated and successfully reduced the initial position offset of the
follower satellite after several hours. Then the follower was tracking
the reference trajectory (23) fairly well. Simulations have verified

Table 1 Duty cycle analysis: SMC with dead zone

Simulation Approximate control input
time step, ms duty cycle, Hz δ, km/s2

0.1 2 0.5 × 10−5

0.01 20 0.5 × 10−5

0.001 200 0.5 × 10−5

Table 2 Steady-state stabilization errors

Method

Tracking Traditional Continuous SMC Super-twisting Continuous
error, km SMC driven by SMDO control SMC/ISS

|ex | 3.6 × 10−4 1.5 × 10−5 2.2 × 10−5 2.1 × 10−5

|ey | 3.4 × 10−4 0.4 × 10−5 0.5 × 10−5 0.5 × 10−5

|ez | 3.7 × 10−4 2.8 × 10−5 4.2 × 10−5 4.1 × 10−5

Fig. 2 PWM with dead band.

Fig. 3 Continuous SMC with SMDO.

that the frequency of switching is a function of the time step �t of
the simulation, whereas σi is at ±δi/2, and is not stabilized by a
choice of δi . Table 1 shows how the �t of the simulation effects the
duty cycle of the controller. This deficiency of the traditional SMC
with a dead band was successfully eliminated via use of proposed
continuous SMC combined with PWM.

Figure 3 shows the control inputs to the follower satellite while
using the continuous SMC driven by SMDO. After a few hours,
this control drives the sliding variables and the errors to near zero.
However, because this algorithm is supposed to be controlling a
satellite thruster that fires pulses of thrust of constant magnitude,
the continuous control input shown in Fig. 3 vs the original time
t is not be very useful. Figure 4 shows the control inputs with the
PWM technique implemented in the original time t . Here, the 10-Hz
duty cycle is clearly shown. With the PWM technique, all continuous
SMC reduce the errors between reference trajectory and the follower
satellite’s trajectory to near zero. The upper boundaries of steady-
state errors are compared in Table 2.
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Table 3 Weekly fuel consumption

Method
Fuel
consumption, Traditional Continuous SMC Super-twisting Continuous
m/s SMC driven by SMDO control SMC/ISS

�Vx 0.212 0.210 0.448 0.272
�Vy 0.203 0.202 0.428 0.252
�Vz 0.203 0.202 0.428 0.252

Fig. 4 Continuous SMC with SMDO modulated by PWM.

Fig. 5 Three-dimensional trajectory: continuous SMC with SMDO
modulated by PWM.

Figure 5 shows the three-dimensional view of the relative motion
between the leader and follower satellite using the continuous SMC
driven by SMDO with the PWM technique incorporated. The other
continuous SMC demonstrated similar performances. The corre-
sponding weekly fuel consumptions in terms of �V , which are low
for all methods, are shown in Table 3.

VI. Conclusions
Application of a variety of continuous SMC techniques, including

SOSM, continuous SMC driven by SMDO, and continuous SMC
using ISS, to satellite formation control are studied. The continuous
robust to disturbances SMC laws easily drive the control thrusters
with given duty cycle using the PWM technique, which is an im-
provement of a traditional (discontinuous with dead band) SMC.
The simulation analysis shows that the continuous SMC/HOSM
methods are effective in reducing the tracking errors of the follower
satellite in the presence of a bounded disturbance function while
keeping fuel consumption at a low level. It also appears that the
PWM technique introduced does not degrade the tracking perfor-
mance to any significant degree, retaining fixed duty cycle. Although
the continuous SMC techniques were studied using a linearized
satellite formation model, it is expected that studied the continuous
SMC algorithms can easily handle the nonlinear uncertain models
as well.

Appendix: Proof of the Theorem
First, we demonstrate that control (21) drives the auxiliary sliding

variable ηi to a bounded domain |ηi | ≤ γi via the Lyapunov function
technique. Indeed, the dynamics of η1 are derived as

η̇i = ψ0
i (.) + �ψi (.) + k̃0i sign(si ) − ũi , k0i > 0 (A1)

A candidate for a Lyapunov function is introduced:

Qi = 1
2 η2

i (A2)

and its derivative is requested to satisfy the inequality

Q̇i ≤ −ρ0i Qai , 0.5 < ai < 1.0 (A3)

Meeting conditions (A2) and (A3) yields ηi , a finite time conver-
gence to zero with

tri = [Qi (0)]1 − ai
/

ρ0i (1 − ai ) (A4)

Control function (21) being substituted in derivation (A1) yields
inequality (A3) everywhere except for the domain

|ηi | ≤ γi = 2ai [(L̃ i + k̃0i )/(ρ̃i − ρ0i )]
1/(2ai − 1) (A5)

Note that the domain of convergence (A5) can be designed arbitrary
small by a corresponding selection of the gains ρ0i , ρ̃i , k̃0i , and ai .
For instance, because 0 < 1/(2ai − 1) < 1 and 0 < γi < 1, and given
ai , k̃0i , and ρ0i , then the value of the gain ρ̃i in Eq. (21) can be
computed:

ρ̃i > ρ0i + 2ai (L̃ i + k̃0i ) (A6)

Also, a corresponding bounded domain Di : {σi , σ̇i } that contains
the origin can be identified such that if ηi satisfies inequality (A5),
then σi , σ̇i ∈ Di .

Second, a convergence of σi , σ̇i → 0 is studied via a Lyapunov
function analysis. The σi compensated dynamics are obtained:

σ̇i = ψ0
i (.) + �ψi (.) − (

ρ̃i

/
2ai

)|ηi |2ai − 1 sign(ηi )

ηi = σi + k̃0i

∫
sign(σi ) dτ (A7)

Differentiating Eq. (A7), we obtain for ai → 1,

σ̈i + (ρ̃i/2)σ̇i + k0i (ρ̃i/2) sign(σi ) = �ψ̇i (.) (A8)

which is rewritten as

σ̈i + (ρ̃i/2)σ̇i + [k̃0i (ρ̃i/2) − �ψ̇i (.) sign(σi )] sign(σi ) = 0 (A9)

When ρ̃i in inequality (A6) is selected sufficiently large, the follow-
ing inequality can be guaranteed:

[k̃0i (ρ̃i/2) − �ψ̇i (.) sign(σi )] sign(σi )σi > 0, σi �= 0 (A10)

This means that, given a sufficiently large ρ̃i , it can be said that the
mechanical work of this generalized force is always positive or

∫ σi

0

[k̃0i (ρ̃i/2) − �ψi (.) sign(ξ)] sign(ξ) dξ > 0 (A11)

A candidate Lyapunov function is selected as

Vi = (
σ̇2

i

/
2
) +

∫ σi

0

[k̃0i (ρ̃i/2) − �ψ̇i (.) sign(ξ)] sign(ξ) dξ > 0

∀σi �= 0, σ̇i �= 0 (A12)



J. GUIDANCE, VOL. 28, NO. 4: ENGINEERING NOTES 831

and taking the derivative of this Lyapunov function yields

V̇i = σ̇i σ̈i + k̃0i (ρ̃i/2) sign(σi )σ̇i − �ψ̈i (.)σi − �ψ̇i (.)σ̇i

= −(ρ̃1/2)σ̇2
i − �ψ̈i (.)σi ≤ −(ρ̃i/2)σ̇2

i + L̃ i |σi |

= L̃ i |σi |
[
1 − (ρ̃i/2)

(
σ̇2

i

/
L̃ i |σi |

)]
< 0 (A13)

This leads to the selection of ρ̃i as

ρ̃i > 2
(
σ̇2

i

/
L̃ i |σi |

) ≥ (2/L̃ i )M (A14)

Thus, there exists some ρ̃i such that Vi > 0 and V̇i < 0, which proves
the local asymptotic stability of the origin σi = σ̇i = 0, and that the
sliding variable σi converges asymptotically into a second-order
sliding mode, σ̇i =σi = 0.
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